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Carleson measures and uniformly discrete sequences in strongly
pseudoconvex domains

Marco Abate and Alberto Saracco

ABSTRACT

We characterize, using the Bergman kernel, Carleson measures of Bergman spaces in strongly
pseudoconvex bounded domains in C", generalizing to this setting theorems proved by Duren
and Weir for the unit ball. We also show that uniformly discrete (with respect to the Kobayashi
distance) sequences give examples of Carleson measures, and we compute the speed of escape
to the boundary of uniformly discrete sequences in strongly pseudoconvex domains, generalizing
results obtained in the unit ball by Jevti¢, Massaneda and Thomas, by Duren and Weir, and by
MacCluer.

1. Introduction

In his celebrated solution of the corona problem in the disc, Carleson [2] introduced an
important class of measures to study the structure of the Hardy spaces of the unit disc A C C.
Let A be a Banach space of holomorphic functions on a domain D C C", and assume that A
is contained in LP(D) for some p > 0. A finite positive Borel measure p on D is a Carleson
measure of A if there exists a constant C' > 0 such that

veA | ifraus i

Carleson studied Carleson measures of the Hardy spaces HP(A), showing that a finite positive
Borel measure p is a Carleson measure of HP(A) if and only if there exists a constant C' > 0
such that u(Sg,.n) < Ch for all sets

Soon={re? €A1 -h<r<1,|0—6|<h}

(see [5]); in particular the set of Carleson measures of H?(A) does not depend on p.

In 1975, Hastings [10] (see also Oleinik [22] and Oleinik and Pavlov [23]) proved a similar
characterization for the Carleson measures of the Bergman spaces AP(A): a finite positive Borel
measure /4 is a Carleson measure of AP(A) if and only if there exists a constant C' > 0 such that
w(Spy.n) < Ch? for all 0 € [0,27] and h € (0,1). As a consequence, again, the set of Carleson
measures of AP(A) does not depend on p.

The sets Sg, 1, clearly are not invariant under automorphisms of the disc, whereas one would
like to characterize Carleson measures for Bergman spaces in an invariant way, related to
the intrinsic (hyperbolic) geometry of the disc and not to the extrinsic Euclidean geometry.
This was done in 1983 by Luecking [18]; indeed he proved (see also [6, Theorem 14,
p. 62]) that a finite positive Borel measure p is a Carleson measure of AP(A) if and only
if for some (and hence all) 0 <7 < 1 there is a constant C, > 0 such that p(Ba(z0,7)) <
Crv(Ba(zo,7)) for all zp € A, where v is the Lebesgue (area) measure and Ba(zo,7) C A
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<r },
of centre zy € A and pseudohyperbolic radius 7.

The first characterization for Carleson measures of the Bergman spaces of the unit ball
B™ C C™ has been given by Cima and Wogen [4], using again sets defined in terms of the
Euclidean geometry of B™, and thus not invariant under automorphisms. Again, as essentially
noticed by Luecking [18] and explicitly stated by Duren and Weir [8], it is possible to give
a characterization for the Carleson measures of Bergman spaces of B™ by using the balls for
the Bergman (or Kobayashi, or pseudohyperbolic) distance: a finite positive Borel measure p
is a Carleson measure of AP(B™) if and only if, for some (and hence all) 0 < r < 1, there
is a constant C, >0 such that p(Bp~(z0,7)) < Crv(Bpn(20,7)) for all zg € B", where v
is the Lebesgue 2n-dimensional measure and Bpn(zp,7) C B™ is the ball for the Bergman
distance of centre zp € B"™ and radius (1/2)log(1+7)/(1 —r) € Rt (that is, of radius r in
the pseudohyperbolic distance; recall that the pseudohyperbolic distance p is related to the
Bergman or Kobayashi distance kp» by the formula p = tanh(kpn)).

In 1995, Cima and Mercer [3] characterized Carleson measures of the Bergman spaces of
strongly pseudoconvex domains; in particular, they proved that in this case too the class of
Carleson measures of AP(D) does not depend on p. Their characterization is stated again in
terms of the extrinsic Euclidean geometry of the domain, but the proof uses in an essential way
the intrinsic geometry of strongly convex domains, as well as the construction of particular ad
hoc functions.

A particularly important Bergman space is, of course, A%(D), where the Bergman kernel
lives. This suggests the question of whether it is possible to characterize Carleson measures
using the Bergman kernel. This has been done by Duren and Weir [8] for the unit ball; our first
main result is the generalization of their characterization to strongly pseudoconvex domains.

Let K : D x D — C be the Bergman kernel of a strongly pseudoconvex domain D CC C™.
For any finite positive Borel measure p on D, the Berezin transform of p is the function
Bu: D — R given by

is the Poincaré disc

Z— 20

Ba(zo,7) = {z cA ’

].—Z_()Z

B = | B aue)

Then (see Theorem 3.4 for a more complete statement) we obtain the following theorem.

THEOREM 1.1. Let pu be a finite positive Borel measure on a strongly pseudoconvex
bounded domain D CC C™. Then p is a Carleson measure of AP(D) if and only if its Berezin
transform By is bounded.

Previous proofs of characterizations of Carleson measures in the ball heavily relied on
the homogeneity of the ball under its automorphisms group, and on the explicit expression
of the automorphisms; but this approach cannot be used in our setting, because strongly
pseudoconvex domains that are not biholomorphic to the ball admit very few automorphisms.
Our proof depends instead on a detailed understanding of the intrinsic Kobayashi geometry of
strongly pseudoconvex domains, and on Fefferman’s estimates on the Bergman kernel.

A natural question is how to construct explicit examples of Carleson measures in strongly
pseudoconvex domains. As in the unit disc and in the unit ball, an important family of examples
is provided by uniformly discrete sequences. Let (X,d) be a metric space; then a sequence
{z;} C X of points in X is uniformly discrete if there exists § > 0 such that d(z;,z) > 6 for
all j # k. Then we are able to prove the following generalization of results proved by Duren
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and Weir [8], Jevti¢, Massaneda and Thomas [13], and Massaneda [21] in the unit ball (see
Theorem 4.2 for a more complete statement).

THEOREM 1.2. Let D CC C™ be a strongly pseudoconvex bounded domain, and let T' =
{#;} be a sequence in D. Then I is a finite union of uniformly discrete (with respect to the
Kobayashi distance) sequences if and only if ¥ . d(z;,0D)""'é, is a Carleson measure of

i J
AP(D), where 0, is the Dirac measure at z; and d(-,0D) is the Euclidean distance from the
boundary:.

Finally, Duren, Schuster and Vukoti¢ [7], Duren and Weir [8], and MacCluer [20] also studied
the speed of escape to the boundary of uniformly discrete (with respect to the pseudohyperbolic
or Bergman distances of the ball) sequences in the unit ball. We are able to generalize their
results to strongly pseudoconvex domains (see Theorem 4.6, and Proposition 4.4 for a similar
result not requiring pseudoconvexity).

THEOREM 1.3. Let D C C" be a strongly pseudoconvex bounded domain. Let I' = {z;} C
D be a uniformly discrete (with respect to the Kobayashi distance) sequence with d(z;,0D) < 1
for all j € N*. Then

> d(z,0D)" h

zjel

<_1gd<18D)) s (L1)

for all increasing functions h : Rt — R such that

S (1)<

m=1

2. The intrinsic geometry of strongly pseudoconvex domains

In this section, we shall prove a number of estimates on the intrinsic geometry of strongly
pseudoconvex domains, as described by the Kobayashi distance. In particular, we shall study
the boundary behaviour of Kobayashi balls, and we shall prove a sort of submean property for
nonnegative plurisubharmonic functions in Kobayashi balls.

Let us briefly recall the definition and the main properties of the Kobayashi distance; we
refer to [1, 12, 14] for details and much more. Let ka denote the Poincaré distance on the
unit disc A C C. If X is a complex manifold, the Lempert function dx : X x X — R of X is
defined by

Ox(z,w) = inf{ka(¢,n) | there exists a holomorphic ¢ : A — X with
¢(¢) = z and ¢(n) = w},

for all z, w € X. The Kobayashi pseudodistance kx : X x X — R* of X is the largest
pseudodistance on X bounded above by dx. We say that X is (Kobayashi) hyperbolic if kyx is
a true distance, and in that case it is known that the metric topology induced by kx coincides
with the manifold topology of X (see, for example, [1, Proposition 2.3.10]). For instance, all
bounded domains are hyperbolic (see, for example, [1, Theorem 2.3.14]).

The main property of the Kobayashi (pseudo)distance is that it is contracted by holomorphic
maps: if f: X — Y is a holomorphic map, then

Vz,we X ky(f(2), f(w)) < kx(z,w).
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In particular, the Kobayashi distance is invariant under biholomorphisms, and decreases under
inclusions: if Dy C Dy CC C™ are two bounded domains, then we have kp,(z, w) < kp, (2, w)
for all z, w € D;.

It is easy to see that the Kobayashi distance of the unit disc coincides with the Poincaré
distance. Furthermore, the Kobayashi distance of the unit ball B™ C C" coincides with the
Bergman distance (see, for example, [1, Corollary 2.3.6]).

If X is a hyperbolic manifold, zp € X, and r € (0, 1), then we shall denote by Bx (zg,r) the
Kobayashi ball of centre zy and radius (1/2)log(1+r)/(1 —7):

Bx(zp,7) ={z € X | tanh kx (z0,2) < r}.

Note that px = tanh kx is still a distance on X, because tanh is a strictly convex function on
R*. In particular, pg» is the pseudohyperbolic distance of B".

The Kobayashi distance of bounded strongly pseudoconvex domains enjoys several important
properties. First of all, it is complete (see, for example, [1, Corollary 2.3.53]), and hence
closed Kobayashi balls are compact. Furthermore, we can very precisely describe the boundary
behaviour of the Kobayashi distance: if D CC C™ is a strongly pseudoconvex bounded domain
and zg € D, then there exist ¢y, Cy > 0 such that

1 1
VzeD c¢o— B logd(z,0D) < kp(z0,2) < Cop — ilogd(z,aD), (2.1)

where d(-,0D) denotes the Euclidean distance from the boundary of D (see [1, Theorems 2.3.51
and 2.3.52)).

Let us finally recall a couple of facts on Kobayashi balls of B™; for proofs see [1, Section 2.2.2;
8; 25, Section 2.2.7]. The ball Bgn (2o, r) is given by

(=0l 1213 _ | _ 2 } (2.2)

11— (z,20)

Bpgn(zo,r) = {z e B"

Geometrically, it is an ellipsoid of the (Euclidean) centre

1 —r2

c= ———— 2,
1= 72z ™

its intersection with the complex line Czy is a Euclidean disc of radius

1 — [|z0]?
1 =72z’

and its intersection with the affine subspace through zy orthogonal to Czy is a Euclidean ball

of the larger radius
1—lzo|?
r .
1—72||z0]?

Let v denote the Lebesgue volume measure of R?", normalized so that v(B") = 1. Then the
volume of a Kobayashi ball Bgn (zg,7) is given by (see [8])

2 2 n+1
v(Bpn(z0,7)) = r*" (1 Izoll ) . (2.3)

1 =222

A similar estimate holds for the volume of Kobayashi balls in strongly pseudoconvex bounded
domains.
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LEMMA 2.1. Let D CC C" be a strongly pseudoconvex bounded domain. Then there exist
¢1 > 0 and, for each r € (0,1), a Cy, > 0 depending on r such that

clrznd(zo,aD)"+1 < v(Bp(zo,7)) < Cl,rd(zo,aD)"Jrl,

for every zo € D and r € (0,1).

Proof. Since D is bounded and with smooth boundary, there is § > 0 so that any Euclidean
ball internally tangent to 0D with radius § is completely contained in D. Take zy € D with
d(z9,0D) < 4, and choose © € 9D so that d(zo9,0D) = ||z — zo||. Then the Euclidean ball B
tangent to 9D in 2 and with radius § is contained in D and contains zg, and d(zg,dD) =
d(z9,0B). Since the Kobayashi distance decreases under inclusions, Bp(zg,7) C Bp(zo,7).
Hence, (2.3) yields (assuming without loss of generality that B is centred at the origin)

v(Bp(z0,7)) = v(Bp(20,7)) = 6*"v(Bpn (20/6,7))
n+1 n+1
— 52n7,2n 1- HZO/5||2 " — 52n7,2n 62 — HZO”2 "
1 —12[[z0/6]|> e

5(0 — Ilzoll

) n+1
> 62717,,271 ( 52 > _ 571—1,,,2nd(207a‘D)n-i-l7

and we are done in this case.
Assume now d(zp,0D) > d, and let B C D be the Euclidean ball of centre zy and radius
d(z9,0D). Then Bp(zp,r) is a Euclidean ball of radius rd(zo, 0D), and so

v(Bp(z0,7)) = v(Bp(z20,7)) = rznd(zo,ﬁD)Q" > 5"71T2”d(20, 3D)"+1,

and we have obtained the lower estimate in this case too.

For the upper estimate, results of [16, 17| show that there exists a §; > 0 such that if
d(z9,0D) < 01, then there exist ai(r), az(r) > 0 so that Bp(zg,r) is contained in a (possibly
rotated) polydisc P of centre zp and polyradius

(a1(r)d(z0,0D), as(r)\/d(z0,0D), ..., as(r)\/d(z0,0D)).
Thus if d(z9,0D) < d1, then we have
v(Bp(z0,7)) < v(P) < cay (r)az(r)*"Yd(z,0D)" 1,

for a suitable constant ¢ > 0 independent of 7.
Finally, if d(zp,dD) > 01, then we have
v(D
v(Bp(z0,7)) < %d(zo,ap)n-ﬂ7
1

and we are done. ]

REMARK 1. If D is strongly convex, then, using Euclidean balls externally tangent to D,
it is possible to show that one can take

Cl,r _ 017“2"(1 o 7"2)_(”+1),

where C7 > 0 is a constant independent of r.

The next lemma contains an estimate on the Euclidean size of Kobayashi balls.
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LEMMA 2.2. Let D CC C" be a strongly pseudoconvex bounded domain. Then there is
Cy > 0 such that, for every zop € D and r € (0,1), one has

1—1r

Vz € Bp(z0,7) % d(z0,0D) > d(z,0D) > ~—d(z0,0D).

2

Proof. Let us fix wy € D. Then (2.1) yields ¢g, Cy > 0 such that

1
=3 log d(z,0D) < kp(wo, 2) < kp(z0,2) + kp (20, wo)

1+7r
<-1
2 8T,

1
+ Cy — 3 log d(Zo, GD),
for all z € Bp(zp,7), and hence
2
62(CO_CO)d(ZO,aD) < ﬁd(z,aD)

The left-hand inequality is obtained in the same way, reversing the roles of zy and z. |

REMARK 2. Using again externally tangent Euclidean balls, it is possible to show that if
D is strongly convex, then one can take Cy = 4.

The two previous lemmas (together with Corollary 2.7 below) give the main properties needed
in Luecking’s approach [18] to the characterization of Carleson measures. However, to get the
characterization involving the Berezin transform, we shall need precise information on the
behaviour of the Bergman kernel in Kobayashi balls, which we shall deduce from Fefferman’s
estimates using another estimate on the shape of Kobayashi balls. In the unit ball the latter
estimate has the following form.

LEMMA 2.3. Let B™ C C™ be the unit ball in C", and take zo € B™ and r € (0,1). Then
2
4

1
Vz € Bpa(z0,7) 1—[20ll* > ——(ll2 = 2|I? + (= — 20, z0}])-

Proof. First of all, it is easy to check that z € Bpn(zg,r) if and only if

(1 —llzol*)(@ = I12]1?) 2

>1—-r7
1= (z,20)
therefore, it suffices to prove that
1—(z,20) _ 1 2
S > 1(||Z_ZOH + [(z = 20, 20))- (2.4)
Let us write zg = Az +w, with A € C and w L 2. Then (z,zp) = A||2]|? and ||z — 2]|?> =
1= APJlz]I* + [lwl[? moreover, [AP|[z]* + [w]* = [|lz0]|* < 1, that is, [lw]| <1 — |A]?2],

Now, a computation shows that ||z||*|A — 1|2 > 0 is equivalent to
1= X2 = (1= [20) (1 = APl + 1 = AP ]2]1);
therefore,
1= (2200 1= All=)??
1—|lz)? 1—|lz)?
> [1 = AP[l2l® + 1 = APl (2.5)
> 1= AP[l2]® + [lw]|* = ||z — 20>
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Write 2 = puzo +w, with g€ C and w L z5. Then (z,z) = pl|20]|* and [{z — 20, 20)| =
|1 — pl[|20]|%; moreover, |u|?||zo||* + ||w]|® = ||z||* < 1, implying |u|||z0]| < 1. Now,
1—(zz0)® 1= pllal?)? 1= pllzoll*? _ [1 = pllzoll®l |1 — pllzol| (2.6)
L=zl2 1= lulPleoll? = wl* = 1= [uPllzol* — 1= lulllzoll 1+ lplllzoll = ™

By assumption we have 2 > |ul||zo||(1 + ||20]|). A computation shows that this is equivalent to

1= lulllzol*[* = (1 = ulll0l1)*s

therefore,
|1 — pef|zol?| S |1 —Julllzo]1?|
L—ullzoll = 1= lulllzoll
Next, 1+ [|20]|? = 2|20l = 2|u|l|20]|* = 2||20/|*Re p; multiplying this by 1 — ||20]|?, we end up
with

(2.7)

11— pllzoll?* = |1 = uPllz0ll* = (= — 20, 20)|*. (2.8)
Since 1+ |p|]|z0]| < 2, putting together (2.6), (2.7), and (2.8), we get
11— {z,20)]> 1
—_ > —|(z — . 2.9
1— ||Z||2 > 2|<Z ZOaZO>| ( )
Putting together (2.5) and (2.9), we get (2.4), and thus the assertion. O

A defining function for a smooth domain D CC C" is a smooth function % : C" — R such
that D = {¢ > 0} and the gradient V1) is never zero on dD. If D is strongly pseudoconvex,
then one can find a defining function strictly plurisubharmonic in a neighbourhood of dD.

LEmMMA 2.4. Let D CC C" be a strongly pseudoconvex bounded domain, and ¢ : C" — R
be a defining function for D. Then, for every r € (0,1), there exists ¢z, > 0 depending on
such that, for every zy € D, one has

Vz € Bp(zo,7) d(z0,0D) = cor(||z — 20||2 + [0, (2 — 20)|)-

Proof. Fix r € (0,1). Since D is bounded, it suffices to prove the statement for zo close
enough to 0D.

By Narasimhan’s lemma [15, Lemma 3.2.3] we can cover 9D with open sets Uy, ...,U; C C"
so that, for each j=1,...,l, there is a biholomorphism ®; : U; — ®;(U;) C C™ such that
®;(U; N D) is strongly convex. Furthermore, we can assume that each ®; is defined in a slightly
larger neighbourhood, and hence find ¢ > 0 such that d(zg, D) > c¢d(®;(z0),0®,(U; N D)) for
all zg € U; N D close enough to 0D and all j =1,...,[. For the same reason, and recalling
Lemma 2.2, |0, (2 — 2zo)| and |0(3) o <I>j_1)q,j(Z0)(<I>j(z) — ®;(20))| are comparable as soon as
2o € Uj N D is close enough to 0D and z € Bp(zp,r). Finally, by the localization property of
the Kobayashi distance (see [1, Theorem 2.3.65]) if zg € U; N D is close enough to the boundary
of D, then we can find r; € (0,1) depending only on r such that Bp(z0,7) € By,np(20,71)
The upshot of these remarks is that it suffices to prove the statement when D is strongly
convex.

So, assume that D is strongly convex, and let 6 > 0 be such that if d(zg, 0D) < ¢, then there
exists a unique = = x(z0) € 0D so that d(z9,0D) = ||x — zo|; again it suffices to prove the
statement for d(zp,dD) < 6.

Take then zp € D with d(z0,0D) < §; since D is strongly convex, there exists a Euclidean
ball B containing D and tangent to D in x = x(2p); in particular, d(zg, D) = d(zo,0B). Let
R = R(zp) > 0 be the radius of B; up to a translation, we can assume that B is centred at the
origin.
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Let z € Bp(zg,r). Since Bp(zp,r) C Bp(zo,r), Lemma 2.3 implies

2

1—r
2Rd(z0,0D) > R® — ||z0* > (I = zoll* + Iz = 20, 20)])-

Now, |(z — 20, 20)| is (a uniform multiple of) the distance of z from the complex hyperplane
7 passing through zp and parallel to the complex hyperplane tangent to 0B at x. But the
latter coincides with the complex hyperplane tangent to 0D at x, which is exactly given
by 09, (z — ) = 0. Therefore, m has equation 9¢,(z — z9) = 0. It follows that the difference
between |(z — zq, z0)| and |01, (2 — 20)| is (uniformly in z and zg) of the order of ||z — z|| -
0 — @l = d(z0,OD)]|2 — zo]l; 50 we get

1—1r2

7 (lz = 20l” + 1002 (2 = 20)1),

for a suitable constant C' > 0. Since D is bounded, R too is bounded as a function of zy, and
the assertion follows. |

(2R + Cllz = 20[l(1 — 7?))d(20,0D) >

REMARK 3. If D is strongly convex, then the proof shows that we can take cg . = co(1 — r?)
for a suitable ¢y > 0 independent of 7.

We now prove a covering lemma for D.

LEMMA 2.5. Let D CC C" be a strongly pseudoconvex bounded domain. Then, for every
€ (0,1), there exist m € N and a sequence {z} C D of points such that D = \J;—, Bp(zk,7)
and no point of D belongs to more than m of the balls Bp(zy, R), where R = (1/2)(1 + ).

Proof. Let {Bj}jen be a sequence of Kobayashi balls of radius r/3 covering D. We can
extract a subsequence {A; = Bp(zk,7/3) }ken of disjoint balls in the following way: set Ay =
By. Suppose that we have already chosen Ay,...,A;. We define Ay as the first ball in the
sequence {B;} which is disjoint from A; U...UA;. In particular, by construction every B;
must intersect at least one Ay.

We now claim that {Bp(zx,r)}ren is a covering of D. Indeed, let z € D. Since {B;};en is
a covering of D, there is jo € N so that z € Bj,. As remarked above, we get ky € N so that
Bj, N Ay, # 0. Take w € Bj, N Ay,. Then

pD(Zazko) < pD(va) + pD(wvzko) < T,

[SSERW)

and z € Bp(zk,,T)-
To conclude the proof, we have to show that there is m = m, € N so that each point z € D

belongs to at most m of the balls Bp(zy, R). Put 1 = (1/3) min{r,1 —r} and Ry = (1/6)(5 +

r). Since z € Bp(zk, R) is equivalent to zj, € Bp(z, R), we have that z € Bp(zx, R) implies

Bp(zk,71) C Bp(z, R1). Furthermore, Lemmas 2.1 and 2.2 yield

c

CglJrl (1

v(Bp(zk, 1)) = errid(zy, 0D)" T > — R)""r2"d(z,0D)" 1,

when z;, € Bp(z, R). Therefore, since the balls Bp(zy,71) are pairwise disjoint, using again
Lemma 2.1, we get

V(BD(Z,Rl)) < Cg+101’R1 1
v(Bp(zp,r1)) c1 r2n(1 — R)ntl’

and we are done. ]

card{k e N | z € Bp(z,R)} <
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Our last aim for this section is a sort of submean property in Kobayashi balls for nonnegative
plurisubharmonic functions. Let us first prove it in a Euclidean ball.

LEMMA 2.6. Let B cc C¥ be a Euclidean ball of radius R > 0. Then
gntl 1
< dv,
X(20) Rn=172nd(zy, dB)n+1 JBB(ZW) xav

for all nonnegative plurisubharmonic functions xy : B — R™.

Vzo € BVr e (0,1)

Proof. Without loss of generality, we can assume that B is centred at the origin. Let
¢=,/r : B" — B" be the usual involutive automorphism of B™ sending the origin in z9/R (see
[25, Section 2.2]), and let ®.; : B" — B be given by ®., = R¢./r; in particular, ®.; is a
biholomorphism with &, (O) = zp, and thus ®,,(Bp~(O,r)) = Bp(2o,r). Furthermore (see
[25, Theorem 2.2.6]),

d(Zo, 83)"“,

R? —||z]* \"" _ R
|R — (z,z0)|? g+l

where Jacg @, denotes the (real) Jacobian determinant of @, . It follows that

|[Jacr @, (2)| = R2" (

n—1

R
J XdV:J (x o ®,,)|[Jacr .| dv > Tﬂd(zo,ﬁB)”'H (x o ®,,)dv.
B(zo0,r) Bgn (O,r) 4

JBBn(O,r)
Using [25, 1.4.3 and 1.4.7.(1)], we obtain

1 (" 27 )
J (xo®,,)dv = QnJ do(z)— J J x o @, (tex)t>" 1 dt df),
Bpn (0,r) HB™ 27 Jo Jo
where o is the area measure on 0B™ normalized so that o(0B") = 1. Now, ( — x o ®,, ((z)
is subharmonic on rA = {|{| < r} C C for any z € dB™, since ®,, is holomorphic and y is
plurisubharmonic. Therefore [11, Theorem 1.6.3], yields

1 r 27 ) B T B 1
5 L L x o @, (te )t L dt df > x(z0) L 2= dt = %r%x(zo).
So
J (xo®,)dv > r2nx(20),
Bpn(O,r)
and the assertion follows. ]

Then we have the following corollary.

COROLLARY 2.7. Let D CC C" be a strongly pseudoconvex bounded domain, and r €
(0,1). Then there exists a C3 , > 0 depending on r such that

CST
Vi€ D X(Z)<7’J X,
0 0 v(Bp(20,7)) JBp (20,m)

for all nonnegative plurisubharmonic functions xy : D — R™.

Proof. Since D has smooth boundary, there exists a radius p > 0 such that, for every
2 € 0D, the Euclidean ball B,(p) internally tangent to OD at z is contained in D.

Let zp € D. If d(z9,0D) < p, then let x € 9D be such that d(zg,0D) = |zo — z|; in
particular, zy belongs to the ball B = B,(p) C D. If d(z9,0D) > p, then let B C D be the
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Euclidean ball of centre zp and radius d(zg, 9D). In both cases we have d(zy, 0D) = d(zo, 0B);
moreover, the decreasing property of the Kobayashi distance yields Bp(zo,7) 2 Bg(z0,7) for
all 7 € (0,1).
Let x be a nonnegative plurisubharmonic function. Then Lemmas 2.1 and 2.6 imply
n—1 ..2n n+1
p r2"d(2,0D)

xdv > J xdv = —
JBD(Zo,T) Bpg(z0,r) 4+l V(BD(ZQ,T))

n—1
v(Bp(20,7))x(20),

v(Bp(z0,7))x(20)

p
> -
= 4”+101,7"

and we are done. ]

REMARK 4. If D is strongly convex, then one can take Cj, = C3(1 —r2)~ "+ where
C3 > 0 is independent of r.

In a similar way we get another useful estimate.

COROLLARY 2.8. Let D CC C" be a strongly pseudoconvex bounded domain. Given r €
(0,1), set R=(1/2)(1 +r) € (0,1). Then there exists a I, > 0 depending on r such that

K,
Vzo € DVz € Bp(z0,7) x(2) < 7TJ
v(Bp(zo0,7)) Bp(z0,R)

for every nonnegative plurisubharmonic function x : D — R™T.

X dv,

Proof. Let r1 = (1/2)(1 — r); by the triangle inequality, z € Bp(zo,r) yields Bp(z,r1) C
Bp(zo, R). Corollary 2.7 then implies

Cg,Tl

C?),Tl

x(z)gil[ Xdugij x dv
V(BD(Zarl)) Bp(z,m1) V(BD(Zarl)) Bp(z0,R)
v(Bp(z0,1)) 1 J'
= C’3,7‘ : Xdl/a
1V(BD(’27T1)) V(BD(Z()?T)) BD(ZO,R)
for all z € Bp(zp,7). Now Lemmas 2.1 and 2.2 yield
v(Bp(zo,7)) . C’LTC’;H'I
v(Bp(z,71))  c1(1 —r)ntipin’
and so
C’3 T Cl T'C;H—l 1 J
z) < M 2 dv. ]
M) S @)™ 0B o) I ©

3. Carleson measures

Let D CcC C" be a strongly pseudoconvex bounded domain in C". Given 0 < p < 400, the
Bergman space AP(D) of D is the Banach space of holomorphic LP-functions on D, that is,
AP(D) = LP(D) N O(D), endowed with the LP-norm

12 = jD F()IP dv,

where v is the Lebesgue measure normalized so that v(B™) = 1.
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A finite positive Borel measure p on D is said to be a Carleson measure of AP(D) if there
exists Cj, > 0 such that

Vf € AP(D) JD FEP d < Gl

As explained in Section 1, our aim is to give a characterization of Carleson measures involving
the Bergman kernel of D.

Let K : D x D — C be the Bergman kernel of D (see, for example, [15, Section 1.4]); it has
the reproducing property

Ve A2D)VzeD f(z) = jD K(2, Q) f(¢) dv.

Since K(-,¢) = K((,-) € A%(D), in particular we have
K(z,2) = JD 1K (2, Q) dv(¢) = 1K (2, )]3-

For each 29 € D let k., € A%(D) be the normalized Bergman kernel given by

e (2) = K(z,20) = K(z,20)
“ IK(20)ll2 /K (20,20)
clearly, ||k.,|l2 = 1. The Berezin transform By of a finite measure ;1 on D is the function given
by

Bu(z) =j k- ()2 du(€),

D
for all z € D.
We recall the following estimate from above on the Bergman kernel.

LemMA 3.1. Let D CC C" be a strongly pseudoconvex bounded domain. Then there exists
C4 > 0 such that

Cy
D |K < ———.
VZO S | (ZOa Z0)| d(Zo, aD)n+1

Proof. The proof follows immediately from [11, Theorem 3.5.1] or from [24, p. 186]. [

Our next result is an estimate from below on the Bergman kernel, valid close enough to the
boundary.

LEMMA 3.2. Let D CC C" be a strongly pseudoconvex bounded domain. Then, for every
r € (0,1), there exist ¢; , > 0 and 6, > 0 such that if zy € D satisfies d(z9,0D) < 0,, then

C5.r
vz € Bp(zo.r) K (z20)| 2 g =5 ps

Proof. Let % be a defining function for D; in particular, there are Cg, ¢g > 0 such that
in a neighbourhood of D.

The main Theorem 2 in [9] implies that there is 7 > 0 so that
c

K= 20l > G T 0G0 T o )
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for a suitable constant ¢ > 0 as soon as d(zg, 0D) + d(z,0D) + ||z — zo|| < 1, where

p(z,20) = Iz = zo||* + |0z, (2 = 20)]-

n_. L—71 comm
57”:7 17 3 . ;
3mm{ o 3 }

then Lemmas 2.2 and 2.4 imply that d(zo, 0D) < ¢, yields d(zo, 0D) 4+ d(z,0D) + ||z — zo|| <7
for all z € Bp(zp,r). Using Lemmas 2.2 and 2.4 and (3.1), we then get that if d(z¢,0D) < §,,
then

Put

c 1 e
P (z0)" (1 + (¥(2)/¥(20)) + (p(2, ZO)/w(ZO)))

> c(1 —r)™tt ( C6 )nH
= Ot (29, OD) L \ 6 + CoC + 1/ca,y ’

K (2,20)] >

for all z € Bp(zp,7), and we are done. O

REMARK 5. When D is strongly convex, we can take c5, = c5(1 —7?)"*! with ¢5 > 0
independent of r.

As a corollary we get a crucial estimate from below for the normalized Bergman kernel.

COROLLARY 3.3. Let D CC C" be a strongly pseudoconvex bounded domain. Then, for
every r € (0,1), there exist ¢z, > 0 and d, > 0 such that if zo € D satisfies d(zo,0D) < 0,
then

2 C7,r
VZ S BD(ZQ,T) |kz0(2)‘ 2 W
Proof.  The proof follows from Lemmas 3.1 and 3.2, with c¢7, = c§7r/C4. U

REMARK 6. When D is strongly convex we can take c7, = c7(1 — r2)2(”+1) with ¢; >0
independent of r.

Now we can finally prove the promised characterization for the Carleson measures of AP(D).
We recall that v denotes the Lebesgue volume measure of R?", normalized so that v(B") = 1;
see (2.3).

THEOREM 3.4. Let pu be a finite positive Borel measure on a strongly pseudoconvex
bounded domain D CC C". Then the following statements are equivalent:

(i) p is a Carleson measure of AP(D) for some (and hence all) p € (0, +00);
(ii) the Berezin transform of p is a bounded function;
(iii) for every r € (0,1) there exists C, > 0 such that u(Bp(zo,7)) < Crv(Bp(zo,1)) for all
zp € D;
(iv) for some r € (0,1) there exists C,. > 0 such that p(Bp(zo,7)) < Crv(Bp(zo,r)) for all
zo € D.
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Proof. (i) = (ii): By [3] we can assume that p is a Carleson measure of A%(D). Then

Bu(zo) = jD kg (2) 2 dpa(2) < Cllks |2 = C

for a suitable C' > 0, and By is bounded.
(ii) = (iii): Fix r € (0,1). If d(z0,9D) = 6, where d, > 0 is given by Lemma 3.2, then using

Lemma 2.1 we get

n(D)

Bp(zo,7)) < (D) € — — =%
1(Bp(z0,7)) < (D) Ty

v(Bp(20,7));

as desired.
Assume now d(zp, D) < 0,. Since the Berezin transform is bounded, there exists Cs > 0
independent of zp and r such that

J |k (2)? dp(z) < Bu(z0) < Cs.
Bp(z0,7)

Hence, Corollary 3.3 yields

C7.r
WM(BD(ZO,T)) < Cs.
Recalling Lemma 2.1, we get
C n+1 08
(B (z0,7)) < d(20,0D)""" < ———-v(Bp(20,7)),
Cr.r C1C7 T

and we are done in this case too.

(iii) == (iv): The proof is obvious.

(iv) = (i): The proof follows from Lemmas 2.1, 2.2, Corollary 2.7, and [18]; for the sake
of completeness we give here a slightly different proof. Let {z;} be the sequence given by
Lemma 2.5. Clearly

oo

IRCRZCE S N E2O!

=1 Bp(zk,r)
for all f € AP(D). Since |f|P is plurisubharmonic and nonnegative, Corollary 2.8 and (iv) yield

Pau(z) < B . o
JBD(Zk,r) @ du(z) < v(Bp(2k,7)) JBD(zk,r) 4l )JBD(zk.,R) LFQP dv(c)

w(Bp(zk,7)) P gy
] jBD(M) FOP dv(C)

<KC | rOrano),
BD(Zk,R)
where R = (1/2)(1 + ). Hence,
| 1#Grdue < wc, Zj FOP Q) < KComlfIE,— (32)
D BD Zk R)
where m is given by Lemma 2.5, and so p is a Carleson measure of AP(D). U

REMARK 7. Note that (3.2) says that if p is a Carleson measure, then we can find C' > 0
so that

j FEP du(z) < CIIFIE,
D

for all f € AP(D) and all p € (0,+00); in other words, the constant C' is independent of p.
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4. Uniformly discrete sequences

Let (X,d) be a metric space. A sequence I' = {x;} C X of points in X is uniformly discrete
if there exists § > 0 such that d(z;,x,) > d for all j # k. In this case inf;4; d(x;, x)) is the
separation constant of T'.

Furthermore, given zg € X, r > 0, and a subset I' C X, we shall denote by N(zg,r,T") the
number of points of I' contained in the ball of centre z¢ and radius r. We can use N (zg,r,T")
to detect finite unions of uniformly discrete sequences.

LEMMA 4.1. Let X be a metric space, and T' = {2, }nenw C X be a sequence in X. If there
are N > 1 and r > 0 such that N(z,r,I') < N for all x € X, then I' is the union of at most N
uniformly discrete sequences.

Proof. We shall define N disjoint uniformly discrete sequences I'g,...,I'y_1 C I' so that
I'=TyU...UTN_1. To do so, we start with 'y = ... =Tny_1; = ) and, arguing by induction
on n, we shall put each x,, in a specified I';. As a matter of notation, we shall denote by B(z, )
the metric ball of centre « and radius r, and if z; € ', then we write m(xz;) = j.

Put zp € I'g. Assume that we have already defined m(z;) for ¢ < n, and consider @, 1.
By assumption, I' N B(z,4+1,7) contains at most N points, one of which is x,41. Hence,
{zo,...,xn} N B(xpy1,7) contains at most N — 1 points, and we can define

m(2p41) =min{i € {0,..., N — 1} | i # m(z;) for all 0 < j < n such that z; € B(zp41,7)}-

In this way d(znq41,75) = r for all ;5 € Ty, 5,,,,) With j <n + 1.

It now follows easily that I'g,...,I'y_1 are uniformly discrete sequences with separation
constant at least r, because by construction if xp,, x; € I'; with h > k, we have d(zp, zx) > r.
|

We are now able to prove that uniformly discrete sequences give examples of Carleson
measures.

THEOREM 4.2. Let D CC C" be a strongly pseudoconvex bounded domain, considered as
a metric space with the distance pp = tanhkp. Let I' = {2;},en be a sequence in D. Then
the following statements are equivalent:
(i) T is a finite union of uniformly discrete sequences;
(ii) sup N(zo,r,T') < +oo for some r € (0,1);
zo€eD
(iii) sup N(zo,r,I') < 400 for all r € (0,1);
z0€D
(iv) there exists p € (0,+00) such that 3, . d(z;,0D)" 15, is a Carleson measure of
AP(D), where 6., is the Dirac measure in z;;
(v) there exists Cy > 0 such that, for all p € (0,+00), we have

Ve AP(D) > d(z, D)™ f(z)P < Col £15;

z; €l

in particular, y d(z;,0D)" 14, is a Carleson measure of AP(D) for all p € (0, +00).

z;el

Proof. (v) = (iv): The proof is obvious.
(iv) = (iii): Fix r € (0,1), and let J, > 0 be given by Lemma 3.2. By Lemma 2.2, if
d(z9,0D) > 0,, then z € Bp(zo,r) implies d(z,0D) > (1/C3)(1 — r)d,. Using (iv), it is easy
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to see that only a finite number of z; € I' can have d(z;,0D) > (1/C3)(1 — r)d,; therefore, to
get (iii) it suffices to prove that the supremum is finite when d(zg,90D) < J,.
Given zg € D with d(z,0D) < 6,, Corollary 3.3 and Lemma 2.2 yield

Vz € Bp(zo,r) d(z,8D)" ks, (2) > C‘ZL (1— )L,
2

By [3] we can assume p = 2; hence,

O;“ n+1 2
N(zo,m,T) < (=it Z d(z,0D)" " k= (2)]
’ z€Bp(zo,r)NT

CTL-{-lc Cn+lc
S ka3 = —2
erp(L—r)ntt crp(L—r)mtt

for a suitable C' > 0, as desired.

(iii) == (ii): The proof is obvious.

(ii) = (i): The proof is from Lemma 4.1.

(i) = (v): Clearly it suffices to prove the assertion when T" is a single uniformly discrete
sequence. Let 6 > 0 be the separation constant of I', and put » = §/2. By the triangle inequality,
the Kobayashi balls Bp(z;,) are pairwise disjoint. Hence,

JD [f()Pdv > J |f(2)[P dv.

z;er Y Bp(z:7)

Now, |f|? is plurisubharmonic and nonnegative; hence, Corollary 2.7 and Lemma 2.1 yield

1 c
o O > Gt By IS CP > s ey 9D 11
p(z5,r v o
for all z; € T. Setting Cy = Cs,./c17?", the assertion follows. O

Now we would like to study how fast a uniformly discrete sequence can escape to the
boundary. A first result in this vein is an immediate corollary of the previous theorem.

COROLLARY 4.3. Let I'={z;} C D be a uniformly discrete sequence in a strongly
pseudoconvex bounded domain D CC C™. Then

Z d(zj,0D)" T < to0.
z; €T

Proof. Tt suffices to take f =1 in Theorem 4.2(v). U

The next result gives a worse estimate, but one which is valid in any hyperbolic domain with
finite Euclidean volume.

PrOPOSITION 4.4. Let D C C" be a hyperbolic domain with finite Euclidean volume,
endowed with the distance pp = tanhkp. Let I' = {z;} C D be a uniformly discrete sequence
with d(z;,0D) < 1 for all z; € T'. Then

> d(z;,0D)*" h

) < +o00,
Z]‘GF

1
<_10g d(zj,0D)
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for any increasing function h : R™ — R™ such that
+00 1
E h () < 400.
m
m=1
Proof. For m € N put

1
O, = D 1 15 = D e (mth < D —ml
{ze ’m< ogd( D) S <m+ } {z€eDl|e d(z,0D) < e ™}

Set I';, =T N Q,y,; by assumption, I' = U;OZOO T'),. Let § > 0 be the separation constant of T,
and put r = 6/2. The Kobayashi balls Bp(z;j,r) centred in points of I' are pairwise disjoint; in
particular,

> v(Bp(z,1) < v(D). (4.1)

z; €l

If z € D, then the euclidean ball B of centre z and radius d(z,dD) is contained in D. But then
Bp(z,r) contains the Kobayashi ball Bg(z,r) of B centred in z and of radius r, which is a
Euclidean ball of radius rd(z,0D). Thus,

v(Bp(zj,r)) = r*d(z;,0D)*"
Let N,, be the cardinality of T';,,. Then (4.1) yields
N,, < u(D)r_Q"e2”(m+l) = Cye®™,
for a suitable constant Cy > 0 independent of m. Therefore,

. 2n 2n _ 1
Z d(z,9D) h( logd 2j,0D ) Z Z d(z,9D) ( logd(zj,aD))

z;el m=0z;el',,

Copyrp (o1
S Z d(z,0D) h< log d(z,0D)

Z 'EFO

+oo
+ Z N e—anh <m>

m=1

+oo
1
<Clo+ngh<m><+oo. 0

m=1

REMARK 8. If D CC C"™isbounded and I' = {2;} C D is a uniformly discrete (with respect
to any distance inducing the natural topology of D) sequence, then d(z;,0D) < 1 for all but a
finite number of elements of T'.

To get the sharp estimate valid in strongly pseudoconvex bounded domains, we replace the
Euclidean measure by the Eisenman-Kobayashi invariant measure (but see Remark 9).

For simplicity, let us recall the definition of the Eisenman—Kobayashi measure in domains of
C" only. Let D C C" be a domain; the Eisenman—Kobayashi density Kp : D — R is given by

Kp(z0) = inf{|Jacr f(O)|"*|f : B® — D holomorphic, f(O) = zg, dfo invertible}.

It is not difficult to prove that Kp is upper semicontinuous (see, for example, [1, Proposi-
tion 2.3.37]); then the Eisenman—Kobayashi measure of D is just kp = Kpv. When D = B™,
the Eisenman—Kobayashi measure coincides with the Bergman (or hyperbolic) volume (see, for
example, [1, Proposition 2.3.36]).
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The next lemma contains an estimate on the Eisenman—Kobayashi measure of Kobayashi
balls.

LEMMA 4.5. Let D CC C" be a strongly pseudoconvex bounded domain. Then there exist
0< C11, (11 such that

) C
011T2n(1 . T)nJrl < KJD(BD(ZO?T)) < d(Zo aD;}(l — ’I")T”

for all zy € D and r € (0,1).

Proof. The estimates in [19] show that there are two constants ¢j2, Ci2 > 0 such that
C12 C12

— <K < —.

Gz opy1 S Kp(2) < grahes

In particular, Lemmas 2.1 and 2.2 yield

Ep(Bp(zo,1)) = J

Bp(zo0,7)
012(1 — ’I“)n+1
= n+l 1 4
02 d(ZQ, 8D)"+
For the upper estimate, note that since 0D is smooth and bounded, there is an € > 0 such
that, setting

VzeD

1
KD(z)dV>clgj ——dv
Bp(zo,r) d(Z, aD)n+1

(BD(ZQ,’/‘)) > gjj}l 7~2n(1 o r)n—i—l.
2

U.=D\K.={z€ D|d(z,0D) < €},
there exists a smooth diffeomorphism W : U, — [0, ¢] x dD with
U ({t} x D) = {z € D | d(z2,0D) = t},
for all ¢ € (0, ¢].
Now Lemma 2.2 implies
Bp(z0,7) C {z € D|d(z,0D) > l(r)},

where [(r) = (1/C2)(1 — r)d(20,0D). Thus, denoting by o the usual (2n — 1)-measure on 9D,
and by A the product measure on [0, €] x 9D, and using the compactness of U, we have

1
Fp(Bp(z0,7) = J Kp(2)dv < cuj L
Bp(zo,r)

Bp(zo,r) d(Z, aD)n—i-l

1
dl/+012J —————dv

1
< -
b 012 JKg d(z,(‘)D)""‘l Bp(zo,r)NU. d(z,@D)”‘H

1 1
<013+014J 7d)\<013+014‘[ —
U (Bp(z0,m)NUe) gt [i(r),e]xOD A
1 1 015 051015
<Ci3+C D) | —— — — | < = ,
18+ Crao(9D) (l(r)" e”) I(r)™  d(z0,0D)"(1 — r)®
for suitable constants Ci3, C14, C15 > 0 independent of zy and 7. OJ

REMARK 9. We stated this lemma in terms of the Eisenman—Kobayashi measure just to
keep with the invariant approach of this paper; but for the purpose of the next theorem any
measure providing the same estimates would work. For instance, we might use the measure

p=d(-,0D)~ "+,

We are now able to prove the promised sharp estimate for strongly pseudoconvex domains.
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THEOREM 4.6. Let D CC C™ be a strongly pseudoconvex bounded domain, endowed
with the distance pp = tanhkp. Let I' = {z;} C D be a uniformly discrete sequence with
d(zj,0D) < 1 for all z; € I'. Then

> d(z,0D)" h

) < +00,
Z]‘GF

1
(_log d(z;,0D)

for any increasing function h : Rt — R such that
00 1
Z h| —) < +4o0.
m
m=1
Proof. Fix zy € D and, for m € N, set

1
m < k’D(Zo,Z) < m },

D,, = eD
{Z 2 2

and let T',;, = D,,, NT. Let § > 0 be the separation constant of I' (with respect to kp), and let
r = tanh(0/2). Clearly, if z; € 'y, and z € Bp(z;,r), then kp(20,2) < (1/2)(m + 1+ 6). Since,
as usual, the Kobayashi balls Bp(z;,r) are pairwise disjoint, using Lemma 4.5, we get

C1y
(20,0D)"(1 — Ry)™’

enr® (L=1)""'N < 3 Ep(Bp(2),7)) < (B (20, Bm)) < 5
z; €l

where R,,, = tanh(m + 1 + 9)/2; hence, there is C16 > 0 (depending on zy and § but not on m)
such that
Ny, < Cre™™.
Now, the estimates (2.1) on the boundary behaviour of the Kobayashi distance yield Cy7,
Chg > 0 such that
d(z,0D) < Cy7 exp(—2kp (20, 2)),
and
1 < 1
logd(z,0D) ~ 2kp(z0,2) — Cis’

as soon as 2kp(zo,z) > Cis. In particular, if z; € T',,, then we have

1 1
- g ’
logd(z,0D) =~ m — Cis

d(Zj, 6D) § C17€7m and

as soon as m > C1g. Then

> d(z;,0D)" h (—M) = io > d(z,0D)"h (-W)

z;el m=0z;el,,

m—C'18

—+oo
1
<Cu+Cly Y Nype "™h <>

m=mgq

+oo
1
< Chr9 + C14Crg Z h (m) < +00,

m=0

where mg is the smallest integer greater than Cig. O

In particular, taking h(z) = e~ /*, we recover Corollary 4.3.
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REMARK 10. The statement of Theorem 4.6 is sharp. In fact, MacCluer [20] has con-

structed, for any increasing function b : RT — R¥ with lim; o+ h(t) = 0and > °_, h(1/m) =
+00, a uniformly discrete sequence I' = {z;} in B™ such that

10.

11.

12.

17.

18.

19.

20.

22.

23.

24.

25.

n\n _ 1 _
> d(z,0B"™) h( 1Ogd(zj783n)> = +00.

z;€l
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